We tested computational benchmarking data for the absolute permeability, electrical formation factor, and elastic moduli based on the Finney pack, a physical dense random pack of identical spheres digitally rendered into a 3D rectangular coordinate system, as the starting digital object. It is altered by (a) changing the radius of each sphere and (b) geometrically inverting these new packs by swapping grains and pores. Porosity, the absolute permeability, electrical formation factor, and elastic moduli are computed for all these alterations. The direct (grain-based) objects are relevant to clastic rock, and the inverse objects are proxies for carbonates with moldic pores. To corroborate these computational results, we matched the permeability versus porosity, formation factor versus porosity, and elastic moduli versus porosity trends they form by established theoretical rock physics models. These trends persisted when we reduced the scale of investigation by subsampling some of the digital objects under examination.
INTRODUCTION
The computational rock physics opens an unprecedented opportunity to experiment on objects that are not amenable to traditional physical measurements. These objects include very small rock tests as well as damaged and irregularly shaped fragments. Moreover, once such an object is accurately represented in 3D as a set of integers (e.g., zeros for pores and ones for grains), it can be digitally altered to produce its variants to reflect diagenetic and mechanical processes in rock by, e.g., altering the grains and pores to introduce cement; placing small particles in the pore-space; replacing one minerals by another (e.g., feldspar by clay); and introducing or healing natural or stress-induced fractures.
The goal of this work is to use such alteration techniques to create a computational benchmarking data set for the physical properties of granular rocks and their geometric opposites, such as carbonates with moldic porosity. The starting object is the Finney pack -a random dense pack of identical spheres digitally represented in 3D space. It is first altered by uniformly changing (reducing and increasing) the radii of the spheres. Next, these structures are geometrically inverted by swapping grains and pores to make them representative of moldic carbonates or high-porosity volcanic rocks.
The computational results for porosity, absolute permeability, electrical formation factor, and elastic moduli are tabulated and the trends are plotted. These results form a digital benchmarking data set for future use which we deem no less significant than published physical data benchmarks, as the data presented here are based on accurately defined and simple objects that can be used by developers and/or users of digital rock physics laboratory to verify and validate new (or newly adopted) algorithms and results.
It is important to list two novel points of this work: (a) although the Finney pack as well as statistically or computationally generated sphere packs have been used in various computational experiments (e.g., Bosl et al., 1998; Keehm et al., 2001; Knackstedt et al., 2003; Toumelin and Torres-Verdín, 2008; Jin et al., 2009; Sain, 2010) , here, for the first time, we systematically alter it and simultaneously compute the absolute permeability, electrical formation factor, and elastic moduli for all of its geometrical permutations; and (b) the results for the geometrically inverse structures form a new benchmark data set relevant to moldic carbonates.
In addition, we subsample selected samples by dividing each into eight (2 3 ) smaller objects. Although the subsampling procedure used here has been employed before, the results are somewhat unexpected and, hence, new. To better understand this novelty, let us recall that when we digitally subsample a microscopic sample of natural rock, we often recover an, e.g., permeability-porosity trend formed by several larger samples. This effect was first discovered by Rothman and Zaleski (2004) and Kameda and Dvorkin (2004) and later elaborated upon by, among others, Kameda et al. (2006) and Richa (2010) . In one example (Kameda et al., 2006) , subsampling a single sandstone sample of fixed porosity first widened the porosity range. Next, when the permeability was computed for each of the subsamples, the resulting permeability-porosity pairs formed a trend very close to that formed by the physical data from a multitude of geologically similar samples in a wide porosity range. This effect still awaits a convincing explanation. One speculation is that the pore-space heterogeneity at the microscale duplicates the diagenesis-induced heterogeneity observed at a much larger scale.
However, even if this explanation is plausible, the situation encountered here with the Finney pack is different: Each digital object examined here was formed from the original regular homogeneous structure by spatially homogeneous alterations. Hence, the above-mentioned speculation, arguably passable for a natural rock, is irrelevant here. Still, the fact remains that the data pairs obtained by subsampling one regular object encroach upon the domains occupied by other and different regular objects. The objective of this specific exercise is not to offer another explanation to the scalestability of the trends but rather present a new fact and entice the reader to contemplate the nature of real and artificial porous systems.
Finally, we believe that the results presented here not only can serve as a benchmark but also illustrate the potential of computational rock physics as applied to natural rock and man-made porous materials, such as proppants and foams.
OBJECT OF EXPERIMENT
The Finney pack used here is a dense random pack of 4021 nominally identical hard spheres. Finney (1970) recorded the coordinates of each center, thus producing a historical data set amenable to analytical and computational experimentation (Figure 1 ).
To accurately represent the spherical geometry on a 3D rectangular grid, we selected a smaller cubical volume around the center of the original Finney pack (Figure 2 , left) to conduct simulations of viscous fluid flow, electrical current, and linear elastic deformation on this digital object. Resulting from these computational experiments are the absolute permeability, electrical formation factor, and the elastic bulk and shear moduli, respectively.
The size of the original digital object as well as of all its geometrical alterations was 141 × 141 × 141 voxels. The physical size of a cubical voxel was 10 −3 mm on each side. Hence, the physical size of each digital object under examination was 0.141 × 0.141 × 0.141 mm, and the diameter of each sphere in the original digital pack was about 44 voxels, which translates into the physical size 0.044 mm. Figure 2 is a subvolume of the original Finney pack whose porosity is 0.3654. Let us geometrically invert this pack by swapping pores and grains (Figure 2 , right). The porosity of this inverse structure is 0.6346, one minus the porosity of the original pack. Although the original Finney pack is a proxy for a granular rock, its geometrical inverse can serve as a proxy for moldic carbonates.
INVERTING AND ALTERING THE PACK
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We can alter the original pack by changing the radius of each grain by the same amount and then invert these structures as well. For example, if we reduce the radius of each grain to 0.95 of its original value (Figure 3 ), the porosity becomes 0.4560, whereas that of the inverse structure becomes 0.5440. If we expand the radius of each grain to 1.05 of its original value and allow the resulting larger spheres to interpenetrate (Figure 4 ), the porosity of the resulting structure becomes 0.2726 and that of the inverse structure becomes 0.7274.
The porosity symmetry between the direct and inverse structures is approximately attained for the radius of each sphere 0.92 of the original radius, with the porosity of the direct structure 0.5059 and that of the inverse structure 0.4941 ( Figure 5 ). 
COMPUTATIONAL ENGINES AND RESULTS
Three sets of physical properties of the packs thus altered as well as of their geometrically inverse structures were computed as:
• the absolute permeability (k) by means of simulating the incompressible creeping viscous flow in the pore space using the Lattice-Boltzmann numerical method which resolves the appropriate Navier-Stokes equations
• the electrical resistivity assuming that the solid is a perfect resistor while the pore space is a conductor with uniform and finite resistivity: The resistivity thus obtained is normalized by that of the pore-filling material. This ratio is called the electrical formation factor (F).
• the elastic moduli, bulk (K) and shear (G)
The resistivity and elastic properties are computed using the finite-element method adopted from Garboczi and Day (1995) with the appropriate field equations numerically resolved.
All these computational engines are described in Dvorkin et al. (2008 Dvorkin et al. ( , 2011 and Tolke et al. (2010) . The porosity is computed by dividing the number of voxels that fall into the pore space by the total number of voxels in the selected volume.
In the elastic simulations, we assumed that the solid was calcite with the bulk modulus 76.80 GPa and shear modulus 32 GPa, whereas the pore space filling had zero elastic moduli (infinitely compliant). The reason for selecting calcite was to make the elastic properties of inverse structures relevant to moldic limestone.
These computational results are listed in Table 1 and displayed in Figures 6, 7, and 8.
CORROBORATION OF THE RESULTS
Absolute permeability
Because it is very unlikely to obtain physical objects precisely matching the digital geometries examined here, the direct experimental validation of our results is hardly feasible. This is why we resort to implicit corroboration by matching the results by established theoretical rock physics models. One fortunate exception is a fundamental value k∕d 2 ¼ 680000 mD∕mm 2 in which the ratio of the absolute permeability k in mD to the particle diameter squared d 2 in mm 2 for a random dense pack of identical spheres (see the data plot and references in Bryant et al. [1993] ). In the case under examination, only one direct structure, the original Finney pack (Figure 2, left) , represents such geometry. Table 1 . Computed properties of altered and inverted Finney packs. From left to right: radii of the spheres (the original radius is 1.00), porosity of the pack, porosity of the inverse structure; permeability (mD) of the pack, permeability of the inverse structure, formation factor of the pack, formation factor of the inverse structure, bulk modulus (GPa) of the pack, bulk modulus of the inverse structure, shear modulus of the pack, and shear modulus of the inverse structure. Subscript d refers to the direct structures and subscript i refers to the inverse structures. Computed electrical formation factor data for the direct and inverse structures. The display is the same as used in Figure 6 . The theoretical (solid) curve in (a) is from equation 4 with the inputs listed in the text. The dashed curve connects the inverse structure data points. In (b), the dashed curves are connectors between the data points. The arrows indicate that the formation factors of the inverse structures becomes infinite (zero conductivity) as its porosity reduces beyond 60%.
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The diameter of the spheres in this digital pack is 0.044 mm and its permeability is 1326.3 mD at porosity 0.3654 (Table 1) To corroborate the rest of the computational results listed in Table 1 , we need to recall the theoretical Kozeny-Carman equation (e.g., Mavko et al., 2009) 
where, once again, the grain size d is in mm and permeability k is in mD. The other symbols used are τ for the tortuosity and ϕ p for the percolation porosity at which the pore space becomes disconnected and, hence, k becomes zero. For granular rock, ϕ p is usually a small number, between zero and 0.03. In the Kozeny-Carman equation, the tortuosity is defined as the ratio of the length of a pipe-shaped conduit to the length of the porous sample in the direction of the flow. There are no pipe-shaped conduits in a realistic pore-space. This is why τ needs to be treated as an adjustable parameter that, of course, cannot be smaller than one. Generally, the tortuosity should be porosity-dependent (e.g., Zinszner and Pellerin, 2007) . Still, because τ is essentially a fitting parameter in a highly idealized model and, as such, can be very different for different samples even at the same porosity; some authors treat it as a constant for a set of samples of similar nature (see, e.g., Bourbie et al. 1987 , for the Fontainebleau sandstone data set). Because our variants of the Finney pack can also be treated as samples of similar nature, we adopt the latter concept and keep the tortuosity constant.
To find this constant, we rearrange equation 1 as
and, by using k∕d 2 ¼ 680000 mD∕mm 2 and ϕ ¼ 0.36 and also assuming ϕ p ¼ 0.01, find τ ¼ 1.44.
Finally, we use this τ value in equation 1, in which we vary d as a function of the varying radius R (in units of the original unaltered Finney pack sphere radius) of the expanding or shrinking spheres (as listed in Table 1 ) by multiplying d ¼ 0.044 mm by R. The resulting permeability-porosity curve in Figure 6a closely matches our computational results.
Because the goal of this discussion is to present new computational results rather than interpret them in terms of yet another idealized equation, we do not attempt to match the inverse-pack permeability by an analytical curve. Instead, we connect these data points by a line (Figure 6a) .
In Figure 6b , the same permeability data are plotted versus the altered radius of the individual spheres. The permeability of the altered direct pack equals that of the inverse pack for the sphere radius about 1.022 of that of the original unaltered pack. Of course, at this matching point the porosity of the inverse pack exceeds that of the direct pack.
Formation factor
The formation factor (F) results are displayed in Figure 7 . The computational data are corroborated by the Archie equation (e.g., Mavko et al., 2009) 
We modify this equation following the percolation porosity concept employed in equation 2: Sen et al. (1981) show that F measured on fused glass beads is accurately matched by equation 4 with a ¼ 1, ϕ p ¼ 0.00, and m ¼ 1.5. The curve displayed in Figure 7a to mimic the direct structure data uses a ¼ 1, ϕ p ¼ 0.01, and m ¼ 1.5. For the same reason as in the permeability case, we do not attempt to match the inverse-pack formation factor data by an analytical curve but instead connect them by a line.
It is important to remind the reader that there are theoretical formation factor models, such as, self-consistent approximations or differential effective-medium models (e.g., Mavko et al., 2009) , that can be possibly forced to mimic these computational data. Such exercises are beyond the scope of present discussion.
Elastic moduli
The elastic properties listed in Table 1 are displayed in Figure 8 . To match the elastic moduli computed for the direct structures we used the stiff-sand model (Mavko et al., 2009 ) that is the modified upper Hashin-Shtrikman bound with the critical porosity 0.45 (as appropriate for a granular structure, see Nur et al., 1998) , coordination number 6, and close to zero differential pressure. For the inverse structures, we used the same model and inputs but with the critical porosity 0.90 (as appropriate for a foam-like structure).
This rock-physics model was designed to describe the elastic behavior of stiff, well-consolidated rock. Although the original Finney pack represents an unconsolidated granular material, this model still seems appropriate for the case under examination because by extending the radii of the original spheres we essentially "cement" the pack. The inverse structures are representative of a "foam" geometry, relevant to high-porosity carbonates and volcanic pumice, which also can be accurately described by the stiff-sand model with appropriately large critical porosity . In these theoretical modeling, we assumed the solid pure calcite and the pore space empty. The purecalcite elastic moduli endpoints at zero porosity are also displayed in Figure 8a and 8b for the bulk and shear moduli.
SUBSAMPLING
The trends observed in Figures 6, 7, and 8 are different for the direct and inverse structures, yet within the structure type, they are stable. The next logical question is whether these trends depend on the size of the Finney pack sample used. To address this question, we subsample two digital samples of the direct structure and two of the inverse structure. This subsampling is done by evenly dividing the selected cube unto 8 ¼ 2 3 subcubes.
The results of computing the permeability and formation factor of eight subsamples of the two selected direct structures and two selected inverse structures are displayed in Figure 9 . The permeability and formation factor in the subsamples appeared slightly anisotropic. Hence, the results plotted in Figure 9 are the arithmetic averages of these properties in the three directions. Remarkably, the permeability-porosity and formation factor-porosity data of these 32 subsamples fall on the trends formed by the larger-sample data.
We have observed this effect before when subsampling digital images of natural rock and computing their physical properties (Dvorkin and Nur, 2009 ). We suggested then that under certain, possibly limited circumstances, pairs of data points obtained on an internally heterogeneous data set form a trend that is valid over a range D50 of scales. Such a trend is stationary with respect to position and scale, and so it can be applied to a remotely sensed quantity (e.g., porosity) to arrive at another desired property (e.g., permeability) at the scale of practical measurement. We have guardedly avoided making longreaching conclusions about the geologic background of this phenomenon. Still, one plausible speculation might be that small subsamples find the internal variability inside the rock that is similar to its macroscopic variability governed by diagenesis. However, in the idealized case under examination, this speculation is false because the structures we create are very homogeneous because they are created by uniformly increasing or reducing the radius of each grain. This scheme mimics very simple diagenetic alteration in which the cement is uniformly added to each grain. Natural diagenesis can be much more complex. In spite of this, the trends obtained on the subsamples seem to connect the data pairs belonging to different larger samples. This effect still awaits an explanation.
The subsampling results for the elastic bulk and shear moduli are displayed in Figure 10 . Once again, the subsample data pairs fall on the trend formed by the original Finney structures, direct and inverse, used in these computational experiments. Moreover, these data pairs fill the space between the data pairs belonging to the original structures. Once again, at present, we cannot explain this computational-experiment phenomenon. Further elaborate investigation of the scale effect is in order.
CONCLUSION
Simple digital geometry alterations of the original Finney pack used in computational engines allow us to generate reference trends for the absolute permeability, electrical formation factor, and elastic moduli versus porosity. Although the alterations of the original pack are proxies for natural clastic rock, their geometric inverse structures are proxies for foam-like natural structures, such as volcanic and moldic carbonate rocks. Subsampling of the originally generated samples preserves the trends, counterintuitively, for the case under examination.
Such experiments, if intended to be carried out in the physical laboratory, require elaborate sample preparation (e.g., fusing or epoxy-cementing glass beads or creating foam). Yet, these experiments are easy and conclusive if carried out in the digital rockphysics laboratory. Such a laboratory may become a massive data generator to handle practically any structure, be it a scan of a natural sample or a sample created by the imagination of a geologist.
The results reported here are intended to be used as one of rock-physics benchmarks, such as physical measurements reported before for glass beads or Fontainebleau and Berea sandstone, but this time, computationally generated.
